Abstract-This paper describes a multiscale analytical model of the lamellar structure and the biomechanical response of the Pacinian Corpuscle (PC). In order to analyze the contribution of the PC lamellar structure for detecting high-frequency vibrotactile (VT) stimuli covering 10 Hz to a few kHz, the model response is studied against trapezoidal and sinusoidal stimuli. The model identifies a few generalizable features of the lamellar structure which makes it scalable for different sizes of PC with different number of lamellae. The model describes the mechanical signal conditioning of the lamellar structure in terms of a recursive transfer-function, termed as the Compression-Transmittance-Transfer-Function (CTTF). The analytical results show that with the increase of the PC layer index above 15, the PC inner core (IC) relaxes within 1 ms against step compression of the outermost layer. This model also considers the mass of each PC layer to investigate its effect on the biomechanical response of the lamellar structure. The interlamellar spacing and its biomechanical properties along with the model response are validated with experimental data in the literature. The proposed model can be used for simulating a network of PCs considering their diversity for analyzing the high-frequency VT sensitivity of the human skin. [14] and the mass of the layers was also neglected, the theoretical analysis in [3] offers a valuable framework to build a more accurate and generic model of the PC. Another drawback of the model in [3] is that it treats the IC and NF as rigid objects. This assumption is a serious limitation restricting the integration of biomechanical and neurophysiological models, as rigid objects cannot be stretched and the stretch-activated ion channels in the axolemma are critical for mechanotransduction [9] , [15] .
T HE Pacinian Corpuscle (PC) is the largest mechanoreceptor found in the human body. It is widely distributed in the skin, joints and viscera. After its discovery in 1741 by Lehmann [1] , the anatomical description of its three major parts, the Nerve Fiber (NF), Inner Core (IC) or simply core, and perineural capsule were reported early in 1911 [2] . Although the last century witnessed its histochemical and anatomical detailing upto sub-micrometer level, only few studies have attempted to model its biomechanical properties mathematically [1] , [3] , [4] . These models, developed more than five decades ago, are not scalable considering the diversity in the PCs. To develop a scalable and more accurate model, we have summarized the anatomical details of its lamellar structure [1] , [2] , [5] including recent discoveries [1] , [6] , [7] , [8] , [9] , [10] that are not considered in [3] . In addition, recent discoveries in histochemistry [1] , [6] , [8] lead to the identification of a few key features of the lamellar structure that can be used for developing a scalable model of the PC. A major application of such a model could be in the characterization of the Vibrotactile (VT) sensitivity of the skin and in understanding the physiology and pathology [11] , [12] related to the PC.
The biomechanical response of the PC was first detailed in [4] and modeled in [3] . These two works indicate that the mechanism behind its extreme sensitivity toward highfrequency VT stimuli is the rapid biomechanical response of its IC and NF. The rapid adaptiveness of the PC core is found to be the result of mechanical signal filtering performed by the lamellar structure inside the capsule [4] . Based on these results, Loewenstein and Skalak [3] developed the first biomechanical model of the PC. Though the model response does not match the experimental results well [13] , [14] and the mass of the layers was also neglected, the theoretical analysis in [3] offers a valuable framework to build a more accurate and generic model of the PC. Another drawback of the model in [3] is that it treats the IC and NF as rigid objects. This assumption is a serious limitation restricting the integration of biomechanical and neurophysiological models, as rigid objects cannot be stretched and the stretch-activated ion channels in the axolemma are critical for mechanotransduction [9] , [15] .
The main objective of this paper is to analyze the effect of size variability of the PC by developing a scalable layered biomechanical model which can describe the experimental relaxation response [4] more accurately than that of [3] . Therefore, first, we have proposed a generalized relationship between the PC size and the number of lamellae present in it. Though we have modeled the PC as concentric fluid-filled cylinders similar to [3] , it includes a more reasonable interlamellar spacing with a viscoelastic core in it. Next, we have considered the mass of each layer to investigate its effect on the frequency response even beyond 1 kHz. Moreover, appropriate material properties are chosen for matching the experimental results [4] .
fluid from the next layer [16] . The perineural capsule is typically segmented into three zones [1] , [10] (Fig. 1) : the Growth Zone (GZ, the intermediate zone or innermost perineural lamellae), inner perineural lamellae (inner lamellae or Outer Core, or OC), and the external capsule (Outer Lamellae, or OL). Few outer Limiting Lamellae (LL) of the external capsule may also be considered as a separate zone [10] . These zones have different interlamellar spacing and compositions of extracellular matrix. However, these zones are not always distinctly identifiable under a microscope [10] .
IC and neurite. The PC IC is constituted of closely spaced 25-50 layers of cytoplasmic extensions of specialized glia or Schwann cells. These cytoplasmic extensions are bilaterally wrapped around the oval axolemma [1] , [2] of the neurite having the major and minor axis in the order of 6 and 12 mm [17] . The bodies of these glia are mainly found at the outer boundary of the IC. The IC (the outermost glia lamellae) is separated from the innermost perineural lamellae in the GZ by basal lamina and a narrow space (included in the GZ of Fig. 1 ) filled with an amorphous matrix of collagen fibrils and fine filaments [6] , [10] .
Heterogeneity of the capsule. The PC capsule has inherent heterogeneity both in interlamellar spacing and in the material properties of the interlamellar matrix. The innermost lamellae of the GZ consist of densely packed multilamellar complexes networked with a collagen matrix derived from fibroblasts [6] . After GZ, the lamellae are spaced more than a few mm in the OC and the spacing increases in the order of 10 mm at the periphery of the external capsule after the OC [8] (Fig. 1) . However, the outermost 5-7 lamellae of the external capsule are closely spaced and densely packed with collagen fibrils [6] . Throughout all the layers of the perineural capsule, the lamellae are attached with the basal lamina and the extracellular matrix scattered with collagen fibrils.
Model Parameters and Approximations
The PC is approximated as concentric cylinders filled with viscous fluid in each layer, which is similar to [3] but with several major improvements. Each layer of the lamellar structure is modeled with four elements: two springs (parallel K p and serial K s ), damper (B s ), and a mass (M) (Fig. 2) . As the PCs may have different numbers of lamellae (Fig. 1 ), the developed model is parameterized with n (number of layer). The following parameters are used in the developed model. a) The term "layer" includes a lamella and interlamellar matrix adjacent to it. However, occasionally more than one lamella jointly forms the layer separator in reality [16] , which is treated as a single lamella for the purpose of modeling. b) Interlayer material properties can be inhomogeneous but the intralayer material properties are homogeneous. c) The interlamellar fluid is incompressible viscoelastic. d) Although the fluid in the capsule can move among the adjacent interlamellar spaces with a significant amount of resistance [5] , this model assumes no leakage among the layers (similar to [3] ). In reality such isolation is mostly found in-between the IC and the perineural capsule for the purpose of electrical isolation [1] . e) All other approximations such as approximation of the shape of the PC as a concentric cylinder, equal length of all the layers and consideration of a linear biomechanical model for individual layers as in [3] are equally applicable in this model.
Analytical Relationship of Model Parameters
From Hubbard's experimental findings [4] it is possible to segment different zones of the capsule either in terms of radii (1) or layer indices (2) . The different zones in the lamellar structure can be segregated in terms of the LL, OL, OC, and GZ (Fig. 1) . Typically, LL and OL can be combined as the External Capsule (EC). However, Hubbard segmented the capsule into only two zones, the EC and the OC, considering the GZ as its integrated part. Following [1] , [4] the radius of the i th lamella of the PC can be expressed as:
For the PCs considered in [4] , (1) can also be rewritten as (2) where R 0 ¼~30 mm.
Combining (1) and (2), it is appropriate to consider the first 10-15 OC lamellae cover till 75 mm of the PC radius. One of the limitations of (1) and (2) is that it does not consider the outermost 5-7 perineural lamellae which are closely spaced and densely packed with collagen fibrils [6] . Formulation of such relations (1) and (2) and generalizing over many variations of the PCs is always a challenging task. One of such challenges is to measure the radius of the PC lamella as it shrinks if punctured [2] . Therefore, the lamellar clearance estimated from the microscopic slides, as reported in [1] , [7] , [8] , [9] , [10] , may not be the exact functional interlamellar spacing.
From the theoretical analysis of [3] the value of the parallel spring (K_p_i in Fig. 2 ) representing the PC Lamellae can be determined by (3),
The series spring and the damper (K_s_i and B_s_i in Fig. 2) representing the viscoelastic fluid in-between the PC lamellae can be analytically expressed by (4) and (5),
Existing Model Limitations and Improvements
Although the PC is modeled as concentric fluid-filled cylinders similar to [3] , the following list describes the major improvements in our model over the existing ones [3] , [4] .
a) The PC lamella thickness is found to be in the order of 0.09 to 0.4 mm [1] , which is at least half the thickness of that considered in [3] . In our model the lamellae thickness increases following the Weibull Function (6) .
b) The PC core is modeled as a viscoelastic layer instead of a rigid object as in [3] , because [9] , [15] , [18] , [19] show that the neural activity of the PC is controlled by strain-or stretch-sensitive ion-channels due to the deformation of the core. The entire core along with the NF is considered as a single layer for the purpose of modeling as the PC core is densely packed with glia lamellae and collagen within a radius of a few 10s of mm (Fig. 1) . We have assumed that a fraction of the overall core compression (x 0 (t)) will represent the stretch signal applied on the stretch-sensitive axolemma of the PC. c) The elastic modulus of the lamellae as described in [3] is modified considering recent discoveries related to the PC. Loewenstein and Skalak [3] assumed that the elastic modulus is the same as that of the blood vessels. They considered elastic modulus ¼ 0.5 MPa which is in the range of the peak elastic modulus of blood vessels; moreover collagen fibers, one of the constituents of blood vessels, can offer even much higher elastic modulus (in the order of 100 MPa) [20] , [21] . However, we have considered the elastic modulus in the order of 1 kPa due to the following reason. Histochemical and anatomical literature [2] , [6] , [10] show that all the PC lamellae in the perineural capsule are attached with basal lamina on both sides, which mainly consists of flexible type-IV basement-membrane-collagen and laminin [6] , [8] , [10] , [22] . On the other hand, the walls of the blood vessels mainly have types I and III collagen and elastin matrix [23] , [24] , providing better structural strength. This indicates that the lamellae elastic modulus should be in the order of stiffness of individual cells, closer to 1 kPa [1] , [25] , [26] , which is definitely much softer than the blood vessel wall. An attempt of directly measuring the elastic modulus of the PC has shown that its elastic modulus is in the order of 1 kPa [1] , rather than 0.5 MPa. d) In [3] the viscosity of the PC interlamellar fluid is considered to be the same as that of water which is also an over-approximation, as it has a significant concentration of collagen which can be more than 1,000 times viscous compared to water [27] . However, water being the major constituent of interlamellar fluid ($92 percent [1] ), the viscosity of the fluid is assumed to be higher but comparable with that of the water (0.7 mPa.s at human body temperature). Therefore, a better choice of U i would be 2-10 times than that of water. e) The elastic component of the viscoelastic interlamellar matrix is the most influential parameter governing the response of the PC, which is probably the most uncertain parameter in [3] . All the layers of the model in [3] have the same elastic modulus for the matrix which is 10 4 times less than that of the lamellae (E Li :
). Considering the recent literature [6] , [10] , it is clear that apart from the flexible type IV collagen, interlamellar spaces in the capsule are filled with a fluid containing scattered collagen fibrils of type II, and type V collagen is also found in the intermediate zone of perineural capsule [8] . Even the limiting interlamellar spaces of the capsule are densely packed with collagen [6] . Apart from collagen fibrils, elastic fibers are also found scattered in the interlamellar matrix [6] . As collagen may be 1,000 s of times stiffer [20] , [21] than individual cell stiffness [1] , [25] , [26] , the elasticity of the interlamellar matrix is governed by the type and density of collagen and elastic fibrils in it. Therefore, we have chosen E Mi of (4) ). f) According to Hubbard's relation (1) and (2) the thickness of the i th interlamellar space (S i ) increases monotonically, which is found to be valid only for a small part of the PC capsule, whereas S i is found to be reducing (non-monotonic) toward the LL of the capsule [1] , [6] , [10] . Probably for this reason Loewenstein and Skalak [3] could not simulate a PC with more than 30 layers, as the relation with 50 lamellae would result in an external diameter of 2.5 mm which is impractical. While measuring the radius of LL, Hubbard might have grouped a few of them together as they remain densely packed with collagen [6] , [10] . Similarly the relationships (1) and (2) do not take care of the GZ of the capsule, as it indicates the S i > 1 mm even in the GZ and OC, which contradicts the microscopic view of the PC cross-sections [1] , [6] , [9] , [10] , [16] . In order to generalize and improve the accuracy of the analytical relation between i and R i we have followed a relativistic relationship considering n number of layers present in the capsule, where each zone contains a certain percentage of n lamellae (starting from the outermost layer of the PC, the first 10 percent layers are LL, the next 50 percent are the OL, the next 30 percent are the OC, and the next 10 percent are the GZ). Finding the exact value of n for a given PC is difficult compared to finding the R n which itself is challenging as R n shrinks if the capsule is punctured [2] . The relation among R i , S i , T i and C i are summarized in (7), where the parameter g remains close to 1.3. TheR n (approximate value of R n ) can be measured under a microscope which could be 150-450 mm [1] , [4] , [5] . On the other hand R 0 (typically 10-20 mm) can be directly measured from the sectional view of the PC, as it has definitive boundary [1] which is less altered against external forces and preparation of microscopic slides,
where; a ¼ n Â 90%; b ¼ 2:5; g ¼ 1:3 and d¼ 0:5 mm:
g) In the literature the mass of the lamellar structure is neglected. The mass of each PC layer in this model is included in order to investigate its effect in transmission of mechanical stimulus. For estimating the mass of each layer, we have chosen the density of all layers close to water (1,000-1,100 kg/m 3 ).
CTTF from the PC Outer Layers to the Core
For modeling the mechanical signal transformation in the PC lamellar structure, we have introduced a dimensionless parameter Compression Transmittance Transfer Function (CTTF) N pm ðsÞ relating the compression of the PC core (0 th layer) as output, to the compression of the m th PC layer as input. The CTTF N pm ðsÞ (for m ¼ n) acts as a specialized high-pass filter for the mechanical compression at the outermost layer (x n ðtÞ in Fig. 2 ).
Based on the relative arrangement of the parallel spring (K pi ) and mass (M i ) two equivalent models of the PC lamellar structure can be constructed ( Fig. 2a and 2b ). If mass is neglected and the core is considered as rigid, both of these models will be reduced to the model described in [3] . In our earlier model [28] we had considered the core layer (i ¼ 0) as Kelvin's viscoelastic model with mass which yields a strictly-proper third order complex compliance (8) . In this paper we preferred to model the core (Fig. 2) by Voigt's model (K pc , B sc ) with mass (M c ) and a serial spring (K sc ), as it represents a bi-proper second order complex-compliance (9) which is more appropriate to model viscoelastic solids like soft tissues [29] . It is worth noting that another version of Kelvin's standard viscoelastic model with mass can also represent a bi-proper second order complex-compliance, which is not described in this paper [30] ,
Using the term H 0 ðsÞ of (9), the H 1 ðsÞ for the models (Figs. 2a and 2b ) are given in (10) and (11) respectively,
For ease of computation, we have considered the model shown in Fig. 2a and (10) for further analysis and recursively derived the CTTF N pn ðsÞ, relating the compression of the n th layer ðx n ðtÞÞ to the compression of the core layer ðx 0 ðtÞÞ. In order to analyze the response of mechanical high-pass filter at intermediate layers of an n-layer PC, x m ðtÞ for 1 m n are also simulated and corresponding CTTFs between the m th and 0 th layers are denoted as N pm ðsÞ (14) .
The set of generalized equations defining the complex compliance ðG i ðsÞÞ for each layer can be written as:
In-between two consecutive layers the force transmittance Q pi ðsÞ and compression transmittance C pi ðsÞÞ can be summarized by (13) ,
Hence, CTTF relating the compression of the m th layer to the core (0 th ) layer of the PC can be written as:
It is easy to observe in (13) and (14) that if we neglect the effect of K pi (if K pi ¼ 0 then Q pi ðsÞ ¼ 1) the model gets reduced to a stack of Voigt's viscoelastic models on top of the core.
The products of Q pi ðsÞ in (14) contain many closely spaced poles and zeros near the origin of the s-plane, which generally cause instability in simulation due to the limited digital resolution in the computational tool. Therefore, to avoid the instability, the compression ðx i ðtÞÞ of different PC layers is simulated recursively using C pi ðsÞ (13). Another approach followed to avoid this instability is the approximation of the product of Q pi ðsÞ form 1 to m À 1 in the expression of N pm ðsÞ (14), which could be Q pðmÀ1Þ ðsÞ itself, as each Q pi ðsÞ remains within the pass-band of Q pðiÀ1Þ ðsÞ as well as Q pi ðsÞ offering higher roll-off than Q pðiÀ1Þ ðsÞ (referred in supplementary material, which can be found on the Computer Society Digital Library at http://doi.ieeecomputersociety.org/10.1109/TOH.2014.2369416, available online). The major advantage of this approximation is the reduction of computation time as it can directly simulate x 0 ðtÞ from x n ðtÞ without simulating the mechanical signal (x i ðtÞ) at all the PC layers between n and 0. This approximation makes the time-complexity of the simulation mostly independent of n for integrating this biomechanical model with the neurophysiological model of the PC [30] , [31] .
RESULTS

The PC Layer Index versus Radius
The number of lamella in a PC capsule can vary from n ¼ 20 to 70 and the peak layer thickness (MaxðR i À R iÀ1 Þ ¼ MaxðS i þ T i Þ e MaxðS i ÞÞ typically reaches 10-15 mm [4] , [10] . Therefore, we have simulated six typical PCs with 20, 25, 30, 40, 50 and 60 lamellae and considered that all these PCs have the same peak interlamellar spacing (MaxðR i À R iÀ1 Þ ¼ 12 mm) and accordingly calculated the R i from (7) for each sample PC (Fig. 3a) .
The analytical relations (6) and (7) are validated with the existing literature. The R n and n obtained for the six simulated PCs are found to be highly reasonable (Fig. 3b ) compared to that obtained from Hubbard's analytical relation (1) and (2) [1] , [4] , especially for a large value of n (>30). It is found that for the initial 4-10 layers (GZ), the interlamellar spacing S i remains <1 mm which matches with [1] , [6] , [10] , [16] . The lamellae thickness as calculated from (6), found to be restricted within 0.1 to 0.32 mm, also matches [1] .
To quantify the model's accuracy, the analytical relation between i and R i is compared with Hubbard's experimental result [4] which is the benchmark. However, it appears that due to insufficient magnification, Hubbard may have skipped indexing a few of the layers. The smallest possible interlamellar spacing reported by Hubbard is >1 mm [4] . This contradicts the modern high-magnification microscopic slides reported in [1] , [6] , [8] , [9] , [10] , especially near the GZ. Therefore, Hubbard's experiment can be a benchmark with an index offset in the relation of i versus R i and i versus (S i þ T i ). The offset of six best matches the results from the proposed model, as well as the results from [3] (Fig. 4) . As the experimental data from [4] explicitly indicate R i for the 20 consecutive PC layers (with offset 6, i upto 26) for two typical PCs (Hb_Exp_1 and Hb_Exp_2 in Fig. 4) , from the six simulated PCs we have selected n ¼ 25 and 30 for comparing the results. Fig. 4 also includes the model results from Hubbard's analytical relation, denoted as Hb_Eqn. The R i characteristic as reported in [3] is also included in Fig. 4 as Loe. The effect of an abrupt change of g of the relation (1) and (2) is clearly observable as a step in Hb_Eqn (Fig. 4b [1] , [6] , [8] , [9] , [10] and even for the slide in [4] . On the other hand the exponential rise of Hb_Eqn (Fig. 4) indicates that it is not suitable for modeling those PCs with a high number of layers (n > 30). Unlike Hb_Eqn, both the characteristics (n ¼ 25 and n ¼ 30 in Fig. 4b ) from the proposed model indicate that the final few LL are closely spaced, which matches [6] . In comparison to [3] , the proposed model better approximates Hubbard's experimental results for n ¼ 30 in the range of 6 < i 26 (Table 1) . Table 2 indicates the zonal segregation of the perineural lamellae ( Fig. 1) based on the percentage of the total number of lamellae (n). In general the end of the GZ is considered at 10 percent of n. Similarly the end of the OC, OL and LL are considered at 40, 90 and 100 percent of n respectively.
Zonal Segregation of the Lamellar Structure
The third column of Table 2 lists the number of lamellae present in each zone of the lamellar structure for the six simulated PCs (Fig. 3a) . Apart from the number of layers in the different zones, columns 5-7 of Table 2 list the variation of the end-radius and zone-width based on the total number of layers of the PC (n). As shown in column 5 of Table 2 , R n as computed from (7) remains 3-4 percent higher thanR n (approximate value of R n estimated from microscopic slides). The last three columns show the time constants for 25, 50 and 75 percent relaxation with respect to the peak compression of the terminal layer of each zone against a 32 mm radial step indentation at the outermost layer of PC (i ¼ n).
Layerwise Biomechanical Properties
The layerwise variation of the PC biomechanical properties is captured in three levels: (1) Elements (K pi , K si , B si and M i ); (2) Complex compliance (G i ðsÞ); and (3) CTTF (N pm ðsÞ). In the following section the layerwise variations of these three parameters are discussed for n ¼ 30, unless otherwise stated.
Variation of elements K pi , K si , B si and M i . The biomechanical properties K pi , K si and B si (Fig. 2) as estimated using the relations (3), (4) and (5) are shown in Fig. 5 . The simulation considers identical material properties for all layers (
À3 and L ¼ 1 mm) in order to investigate the dependency of model response over i for the six simulated PCs (Fig. 3a) .
Validation of K pi , K si , B si and M i . The existing model [3] describes only a 30-layer PC based on [4] and, therefore, in order to validate our model, the biomechanical properties of the PC layers in [3] are also included in Fig. 5 , denoted as Loe. The stiffness of the lamellae and interlamellar matrix from the proposed model was found to be significantly lower than that of [3] (Loe in Fig. 5 ), which is mostly due to lower E li and E mi , as mentioned in Section 2.4. Similarly the nonmonotonicity of the characteristic n ¼ 30 (for K pi , K si and B si ) compared to Loe in Fig. 5 is mainly due to the nonlinearity and nonmonotonicity in the interlamellar spacing (ðR i À R iÀ1 Þ ¼ ðS i þ T i Þ) of the PC (Fig. 3c) .
Variation of complex compliance (G i (s)) in terms of frequency and periodic step response. The frequency response of lamellar compliance (G i ðsÞ) of a 30-layer PC is given in Fig. 6(a) . It also depicts the variation of G i ðsÞ for i ¼ 1, 4, 10, 16, 22, 28 and 30 (two terminal and five equally spaced internal layers) which belong to different zones of the PC layers ( Table 2 ). The drop in the magnitude of G i ðsÞ at higher frequencies indicates that the PC becomes stiffer as the frequency increases till a few kHz. On the other hand the phase difference between the compression and compressive force remains between À90 and À45 degrees in the range of 10-1,000 Hz for i > 15. The periodic step response (Fig. 6a bottom) indicates that the OL creep is higher than the inner lamellae due to larger interlamellar spacing and fluid content.
Variation of complex compliance (G i (s)) in terms of a polezero map. As the poles and zeros of a transfer function govern the frequency response of a system, Fig. 6b shows the pole-zero map of minimal realization of the G i ðsÞ with order reduction below 100 by performing stable pole-zero cancellation. The pole-zero map shows under-damped poles and zeros in Hz and sub-Hz range (Fig. 6b, top two  panels) . With increase of i not only does the number of poles and zeros increase in the PC lamellar structure but the pseudo-elliptical pole-zero map also increases its diameter. The relative placement of such a high number of poles and zeros contributes to the curvature (slope change) of the frequency response characteristic (Fig. 6a top panel) , which in combination governs its overall shape. On the other hand the larger diameter of the pole-zero map helps in preserving the effect of individual poles and zeros in the frequency response preventing the larger number of pole-zero cancellations effectively. Due to consideration of the mass of the PC layers, a second set of under-damped poles and zeros appears in the range of 1-10 MHz (Fig. 6b,  bottom right panel) . It is also clear that the damping factor of the under-damped poles and zeros can only be up to 90 percent, causing very little overshoot in the sub-Hz and MHz ranges. The low-frequency under-damped poles make soft tissue oscillate at Hz or sub-Hz frequencies against impact loading. However, the effect of MHz-range under-damped poles can be observed only against ultrasonic excitation as in [32] . Therefore, the effect of these second set of poles and zeros is negligible in the functional range of the PC.
Variation of CTTF (N pm (s)) in terms of frequency and periodic step response. The high-pass filtering effect of the PC layers is clearly visible from the Bode plot and periodic step response of CTTF N pm ðsÞ for m ¼ 1, 4, 10, 16, 22, 28 and 30 ( Fig. 7a) . Considering the CTTF for the outermost layer (n ¼ 30 and N pm ðsÞ ¼ N pn ðsÞ), the slope of the magnitude spectrum changes significantly ($30 to $10 dB/decade) within the functional range of the PC (a few 10s of Hz to a few kHz) and especially around 100 Hz. On the other hand the phase difference between the compressions of the n th layer to the 0 th layer is found to be within 90 to 45 degrees. It is clear that with the increase of the number of PC lamellae the CTTF shifts its pass-band to the right (Fig. 7a) . Contrary to the creep of the periodic step response of G i ðsÞ (Fig. 6a) , N pm ðsÞ shows a relaxation of the core (0 th layer) for step compression at different (m th ) layers. Time constants of N pm ðsÞ for lower m ð 15Þ are found to be significantly higher than those of larger m ð > 15Þ, as a lower value of m indicates that the step compression is applied nearer to the core (0 th layer). It is also clear from Fig. 7a bottom that for a larger m ð > 15Þ, the PC IC relaxes within 1 ms against a step compression at the PC at m th layer. Variation of CTTF (N pm (s)) in terms of a pole-zero map. Similar to the poles and zeros of G i ðsÞ, Fig. 7b shows the polezero map of the CTTF N pm ðsÞ which is a minimal realization with order reduction below 100. In contrast to the pole-zero maps of Fig. 6b , the damping factor of the under-damped poles and zeros of Fig. 7b remains as small as 50 percent, causing relatively higher overshoot in the sub-Hz and MHz ranges. The presence of the over-damped largely-spaced poles and zeros after an angular frequency of 2p100 rad/s (Fig. 7b 2,2 and 3,1) causes slope variation in the magnitude spectrum of the CTTF especially for larger m (10 < m n).
Simulation of Radial Compression of Layers
In order to describe how the input stimulus at the n th layer gets high-pass filtered at different (i th ) internal layers, the compression of different layers is shown in Fig. 8a where layers (0 i n) are sampled at every 10 percent of n ¼ 30 (periodic trapezoidal stimulus of 25 Hz with 32 mm radial compression and period to rise-time ratio ¼ 16). The simulated compression is measured radially with respect to the central axis of the PC, denoted as radial compression, whereas the compression mentioned in [4] is measured with respect to the diameter across the central axis. In contrast to Fig. 7, Fig. 8 considers the input compressive stimulus only at the outermost (n th ) layer, which makes the i 15 characteristics relax faster than i > 15. Similar to the trapezoidal compression, Fig. 8b shows radial compression of different layers for sinusoidal stimulus (100 Hz and 1 mm) at the outermost layer of the PC (i ¼ n). Figs. 8a and 8b indicate that the OC and OL gradually filter the low-frequency components of the input stimulus. Therefore, with the decrease of layer index (i), the negative phase increases in the trapezoidal stimulus and the phase shift of compression also increases in the sinusoidal stimulus. On the other hand, the LL probably acts more as a protective cover for the capsule rather than taking part in high-pass filtering of the stimulus. It also prevents the saturation of the interlamellar space in OC and OL.
To compare the simulated result with the experimental results of approximately 800 mm diameter PC [4] , we have chosen n ¼ 60 and outer diameter ¼ 864 mm ( Table 2 ; Sample 6 of Fig. 3a) . The motion of the layers at the zone boundary (Table 2) is shown in Fig. 8c . Due to the high-pass filtering of the input trapezoidal signal, the compression of the IC and OC appears as a pulse train. The width of the pulse obtained from this simulation with a similar trapezoidal stimulus as in [4] is found to be 6 ms, which is a good match for the experimental data [4] . According to [4] , in the OC (R i < 25% of R n ) the lamellae motions are dominated by dynamic (high-frequency) components compared to its static (low-frequency) component. This model also shows the similar dominance of a dynamic component for the OC lamellae (Fig. 8c) . It is worth noting that although the model [3] approximately matches 6-ms pulse width, it fails to show significant attenuation of low-frequency components at the OC mainly due to its limitations as mentioned in the Section 2.4. Apart from the radial compression of the layer at the zone boundaries, the attenuation of low-frequency components is clearly visible in the form of a percentage inter-layer strain of an individual layer ((x i ðtÞ À x iÀ1 ðtÞÞ=ðR i À R iÀ1 Þ.100%) as shown in Fig. 8d. 
PC Size versus Zone Boundary and its Relaxation
The size of a PC can be described in terms of either its number of layers (n), or the outermost radius (R n ). Depending on the size, the zone boundaries of the PC layers show different relaxation patterns. The variation of the PC zone boundary due to the size of the PC and its biomechanical response is summarized in Table 2 . Although in this model theR n (approximate radius of the outermost lamella from microscopic slides) and n can be independently selected (7), the relation of R n versus n becomes unique due to the constraint of maximum interlamellar spacing ¼ 12 mm in (7), as shown in Fig. 3b and Fig. 9a row 1 . With the variation of n, not only does the radius of the outermost layer R n alter nonlinearly but so do the boundaries of the internal zones in terms of %R n (Fig. 9a rows 2 and 3) . It is worth noting that for all n, the zone boundaries are defined by the fixed set of %n [0 percent, 10 percent, 40 percent, 90 percent, 100 percent] ( Table 2) . As shown in Fig. 9b , the compression relaxation time constants of the IC and GZ vary nonlinearly with the total number of lamellae (n). One common feature of the characteristics of Fig. 9b is that all the relaxation time constants of the IC increase monotonically with the increase of n. However, such monotonicity is not maintained for the GZ lamellae. Against the step compression at the outermost lamellae 1 mm) where the layers are sampled at every 10 percent of n; (c) An n ¼ 60 layer PC stimulated with a periodic trapezoidal signal with the same attributes as of Fig. 8a , where the layers are sampled at the zone boundaries (Table 2) ; and (d) percentile inter-layer strain corresponding to Fig. 8c. of the PC, the lamellae present after the OC have a very large compression relaxation time constant (Table 2) and hence are not shown in Fig. 9b . It is worth noting that as the step compression is directly applied on the outermost lamella (m ¼ n), the zone boundary of the LL cannot relax at all, which is represented by the time constant ¼ 1 in Table 2 . For IC, the increase of time constants related to compression relaxation (Fig. 9b) is actually caused by the shift of the pass-band of the N pn ðsÞ with the increase of n. Such a shift of the pass band has a similarity with the reduction of the cut-off of the lamellar high-pass filter as the layer index (m) increases (Fig. 7) . The 3 dB cut-off of N pn ðsÞ for a below-40-layer PC is found to be in the range of 1-2 kHz and it goes below 1 kHz if the number of layers is increased further (Samples 5 and 6 in Fig. 3a ).
DISCUSSION
PC Size and Lamella Distribution. One of the major contributions of this work is the formulation of a better analytical relationship between the radius of the PC outermost layer (R n ) and the number of layers (n). The size and lamella distribution of the PC are empirically estimated from the recently published high-magnification microscopic slides and the description of lamellar structure as in [1] , [6] , [8] , [9] , [10] along with the low-magnification slides and the description in [1] , [4] . This in turn shows that Hubbard's analytical relationship [1] , [4] holds good only for the small PCs or PCs with augmented OL. The proposed model describes more a generalized relationship (7) between the radius of different layers (R i ) and the layer index (i) considering the IC as the 0 th layer. Therefore, it can also systematically categorize the different zones of the capsule, with an indication of the range of the radius and the number of layers in different zones. The analytical relationship for a 30-layer PC is quantitatively compared with the data available from [3] , [4] and it was found that the proposed relationship is a good fit even for the small PCs (n ¼ 30 in Fig. 4 and Table 1 ). Along with the 30-layer PC, using the same analytical relationship, six different sizes of PCs are simulated (R n ¼ 150 to 432 mm). Although these six PCs (Fig. 3 and Table 2 ) contain different numbers of layers (n ¼ 20, 25, 30, 40, 50 and 60) and radii, they have a common maximum interlamellar spacing of 12 mm (10-15 mm), which appears to be a more generalizable property for the different PCs described in [1] , [4] , [6] , [8] , [10] , as shown in Fig. 3 . This model also captures 3-4 percent reduction in R n toR n using (7) when the PC layers are punctured [1] , [2] .
Biomechanical characteristics of the PC lamellar structure. Another contribution of this model is the formulation of recursive transfer functions related to complex compliance G i ðsÞ and CTTF N pm ðsÞ of different layers of the PC. The frequency response of G i ðsÞ indicates that the outermost layer of the PC can be a few 1,000 times stiffer in the kHz range compared to the sub-Hz range (6) . Similarly, the frequency response and periodic step response of CTTF N pm ðsÞ clearly describes the high-pass filtering effect of the lamellar structure. It is also observed that with the increase of size and layer number, the cut-off frequency of the lamellar highpass filter drops which makes the pass-band wider and the PC more sensitive toward relatively low-frequency stimulus (Figs. 7 and 9b ). Such lowering of the cut-off frequency probably indicates the reason why young people are more sensitive to high-frequency vibration than older people [33] , as it is well known that the PC increases in size and number of layers with age [5] , [34] . However, one advantage of larger PCs as predicted from this model is that they have higher detectability to a random stimulus as they have a wider pass band. This actually helps in compensating the extra attenuation of stimulus for the subcutaneous PCs as they are typically found to be larger in size than the PCs in dermis [1] , [34] , [35] .
Material properties of the PC. The response of this model is significantly sensitive to the material properties of the PC used for calculating the system parameter K pi , K si and B si of the biomechanical model. For the simulation, a reasonable range of elastic modulus of lamellae (E L ) and viscosity of interlamellar matrix (U) is found to be 1-2 kPa and 1.5-7 mPa. s respectively. Apart from B si , as obtained from the chosen viscosity (5), the viscous frictional coefficient of the IC (B s0 ¼ B sc of Fig. 2) is another sensitive parameter, considered as 0.0255 N.s.m
À1
, which is 5-10 times lower than the minimum of B si for 0 < i n. It controls the peak percentage Table 2 ).
strain at the IC (Fig. 8d) . In the chosen PC model, the outermost layer can undergo compression beyond 20 percent of R n without saturation of the interlamellar space in the capsule or excessive compression of the IC.
Order of the model. In the proposed model, the PC IC is considered as Voigt's model with a serial spring resulting in a first order bi-proper transfer function if the mass is neglected and becomes second order bi-proper if the masseffect is included. This can also be approximated as the first or second order bi-proper version of Kelvin's model. However, with alteration of the mass position in Kelvin's model as shown in [28] the transfer function becomes strictlyproper third order (8) , which has the inherent limitation of creating high-frequency jitters in transits while attempting to simulate low-frequency creep simultaneously.
Effect of mass. From this simulation it is found that the effect of mass is negligible in the functional range of the PC (a few 10s of Hz to a few kHz). However, the effect of mass is clearly observable in terms of under-damped poles and zeros in the frequency range >1 MHz (Figs. 6, and 7 pole-zero map 3,2). If the PC core is modeled as a third order transfer-function similar to (8) the effect of mass is observable even below 1 MHz. In comparison to mass, the response of this proposed model is found to be more sensitive on the viscosity and elastic modulus of the interlamellar matrix as well as that of the lamellae.
Core relaxation and validation. The developed model is validated with the experimental data in [4] considered as a benchmark. When the outermost lamella of the PC is stimulated with a step indentation, the IC relaxes within 1 ms for smalland medium-size PCs (n < 40 in Fig. 3a) . However, as the PC selected by Hubbard in his experiment is larger in diameter (800 mm) it creates $6 ms pulse of indentation against trapezoidal stimulus [4] , which matches this simulation result (Fig. 8c) . However, against the step indentation, even such large PCs show 90 percent relaxation of the IC within 2 ms. As the core follows higher-order relaxation characteristics, Table 2 summarizes them in terms of 25, 50 and 75 percent relaxation time constants for all the six selected PCs (Fig. 3a) .
Improvement over existing models. The proposed model is significantly different from several simple biomechanical models which approximate the PC lamellar filter as a linear combination of differentiators of different orders [13] , [18] , [36] for directly matching the mechanical stimulus to a neural response. The proposed model is not only capable of showing the differentiation process, but also the zone where it occurs (around the OC). The LL and the OL mostly drift instead of differentiating the trapezoidal stimulus, which in turn helps in stabilizing the OC and preventing the saturation of the interlamellar space. Therefore, interlamellar spacing plays a significant role in defining the frequency response of this biomechanical filter. Unlike the existing models, the proposed model uses the material properties of the PC, such as the viscosity of the interlamellar matrix and the viscous frictional coefficient of the IC, which are important in governing the response of the lamellar filter. Although this model assumes homogeneous material properties due to the lack of explicit data available in the literature, it has provision for incorporating inter-layer heterogeneity. The layerwise inhomogeneity can also be assessed by the reverse estimation of the model parameters from the experimental data as in [4] .
Computational accuracy in simulation. Apart from a detailed model, this paper describes methods for achieving better computational accuracy in the simulation of biomechanical responses of the PC. One major challenge in this simulation is the consideration of the mass. The pole-zero map of the complex-compliance (G i ðsÞ) and the CTTF (N pm ðsÞ) indicates that the poles and zeros contributed by the mass belong to the MHz range (Figs. 6 and 7) and, therefore, they can be safely neglected in the functional range of the PC (a few 10s of Hz to a few kHz). This simplification also reduces the order of the transfer functions G i ðsÞ, Q i ðsÞ and N pm ðsÞ, which helps in simulating the compression signal for the PCs with layer number n > 30. If the effect of mass is considered, the order of the N pm ðsÞ crosses 500 even for n ¼ 30 in a non-minimal realization of the transfer functions. Therefore, to restrict the order of the transfer functions below 100 in their minimal realization, the tolerance for pole-zero cancellation is selected in-between eps 0.5 and eps 0.1 , where eps is the machine epsilon (2.2204e-16). This introduces a little inaccuracy in the simulation in frequency only below 0.1 Hz. However, a higher tolerance for pole-zero cancellation can cause significant inaccuracy even below 1 Hz, hence is avoided in this simulation. The requirement of the minimal realization is observable from the pole-zero map of the transfer functions (Figs. 6 and 7) . More than the high-frequency under-damped poles and zeros, the sub-Hz under-damped poles and zeros make the model's stability vulnerable, as computational error accumulates during simulation and a few of the poles may gradually shift to the right half of the s-plane. However, the model's stability and computational accuracy is improved by neglecting the mass-effect and reducing the model order with minimal realization of the transfer functions. From Fig. 6 it is clear that the damping factor of the under-damped poles and zeros in complex compliance can be around 90 percent, causing very little overshoot in the sub-Hz and MHz ranges. It is interesting to note that in the functional range of the PC the poles and zeros of N pm ðsÞ remain over-damped, whereas in the sub-Hz range they can be significantly under-damped (damping factor % 50 percent). From the frequency response and pole-zero map of N pm ðsÞ (Fig. 7) it is fair to conclude that the lower cut-off of N sp ðsÞ remains in the order of 1 kHz and the bandwidth extends beyond 10 kHz which helps in maintaining VT sensitivity beyond 1 kHz [37] , [38] , [39] .
Limitations of the model. This simulation considers the linear biomechanical model as the stimulus amplitude typically remains below 100 mm in the functional frequency range of the PC, causing less than 20 percent strain in any layer. Therefore, considering [40] , [41] it appears that for such a small compression, the PC biomechanics would remain significantly linear. However, for a larger stimulus it is found that the lamellae of two consecutive layers may touch each other, causing a higher degree of nonlinearity, which may be addressed by considering piecewise linear biomechanical properties for different ranges of stimulus. It is worth noting that the direct simulation of the IC compression using the approximated N pm ðsÞ (14) as described in the Section 2.5, introduces <2% error compared to an iterative layer-wise simulation of the IC compression. Although compared to [3] this model can show higher attenuation of the static component in the OC compression that matches well with the experimental result of [4] , the attenuation of the static component of the IL and OL remains lower in the response of the proposed model compared to [4] . One of the major reasons of this mismatch is probably the interlamellar inhomogeneity of the material properties as well as the approximation of the PC as concentric cylinders. While the model has a provision to account for the depth of the PC in the skin, in this paper the interaction between the skin and the PC is not detailed, as it is out of the scope of this paper.
SUMMARY
This paper not only describes a layered analytical model of the PC lamellar structure but also generalizes the model over various sizes of the PC. It also summarizes the details of the lamellar structure reported in recent literature and takes them into account in order to improve the accuracy of the model. The simulated response of the model for a 30-layer PC matches well with the experimental result in literature. Therefore, the proposed model can be considered as a major improvement over the existing simple biomechanical models as well as the detailed model from [3] . Although the main objective of this paper is to analyze the effect of size variability of the PC on the relaxation response only, it can also be extended to study this effect on the well known U-shaped neural response of the PC [30] , [31] . In spite of its few limitations, this model has potential in simulating a network of various PCs for investigating the mechanism of enhancing the high-frequency vibration perception through the skin. The model can also be adopted for simulating and analyzing the physiology of other corpuscular lamellar mechanoreceptors like Herbst's corpuscle [42] , [43] , typically found in non-mammalian species such as birds.
